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Abstract 

 

Exploring the geometry of Riemannian manifolds equipped with a silver structure is 

the focal focus of this study. A 𝛷 − operator that is used on pure tensor fields is 

systematically applied for the study of integrability issue for Silver Riemannian structure. 

Nevertheless, the properties of twin Silver Riemannian metric and curvature properties for 

the silver Riemannian metrics are investigated ethically.  
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1  Introduction 

 Suppose 𝑀 is an infinitely differentiable manifold of 𝑛 −dimension, the infinitely 

differentiable tensor field of type (𝑠, 𝑡) is defined by the module over 𝜙(𝑀) on 𝑀. 𝜙(𝑀) ∈
𝐶∞𝑀  functions of 𝑡  covariant and 𝑠  contravariant degree. It is assumed that Manifolds, 

connections and tensors are smooth. 

The  1,1  tensor field of constant rank called 𝑓 −  structure on a manifold, this 

concept was developed by Yano [1] satisfying the equation  

 𝑓3 + 𝑓 = 0 

The notion generalizes the almost contact and almost complex structures. In addition, 

Goldberg and yano [2] generalized it, by extending the degree to 𝑙  of the polynomial 

structure a (1,1) tensor field 𝑓 of constant rank on 𝑀 that satisfied the equation 

 

 Θ(𝑓) = 𝑓𝑙 + 𝑎𝑙𝑓𝑙−1+. . . +𝑎2𝑓 + 𝑎1𝐼 = 0 

where 𝐼 is of type (1,1) identity tensor and 𝑎1,𝑎2,...,𝑎𝑙 are real numbers. 

In [3], Hretcanu’s golden structure on 𝑀 was described by type (1,1) tensor field 𝐽 
on 𝑀 which satisfy the polynomial  

 𝐽2 = 𝐽 + 𝐼 
Then in [4], the golden structure on 𝑀 is studied. However, the golden structure has been 

recently studied in  [3, 5-14].  

 

The positive solution of the equation 𝑦2 − 2𝑦 − 1 = 0  gives another irrational 

number 𝜗 = 1 +  2 which is as interesting as golden structure named as silver mean, silver 

number or silver ration. In [15], the silver number is used to define fractal geometry by 

Chandra and Rani, also ozkan [10] studied silver structure as a new structure on manifold. 

Pure metrics in relation to other structures were studied by various authors in 

[1,5,16-36]. 

Silver Riemannian manifold is considerable because pure Riemannian metrics has to 

do with the silver structure. 

Since Silver Riemannian structure and an almost product structure are related to each 

other, the method of Φ− operator used in theory of almost product structure can be applied 

to silver structure. Then, in this paper we try to study the polynomial structure 𝜗2 − 2𝜗 −
𝐼 = 0 by using its almost product structure 𝜗2 − 𝐼 = 0. 

 

2  Preliminaries 

 

Definition 2.1  Let 𝑀 be a 𝐶∞  differentiable manifold. A tensor of field 𝜗 of type 

(1,1) on 𝑀 is called a Silver structure on 𝑀 if 𝜗 satisfies the equation;  

 𝜗2 = 2𝜗 + 𝐼 (1) 

 where 𝐼 is the identity of (1,1) tensor field on 𝑀  [10].  

Theorem 2.2  Provided that 𝜗 is a Silver structure on a manifold 𝑀, then  

 𝑃 =
1

 2
(𝜗 − 𝐼) (2) 

 is said to be an almost product structure on 𝑀. conversely, any almost product structure 𝑃 

on 𝑀 gives a silver structure on 𝑀 as given below;  
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 𝜗 = 𝐼 +  2𝑃 (3) 

  [10]. 

 

 Suppose 𝑃  is an almost product structure defined on a manifold 𝑀  and 𝑔  be a 

Riemannian metric such that;  

 𝑔 𝑃(𝑋), 𝑃(𝑌) = 𝑔 𝑋, 𝑌 ∀𝑋, 𝑌 ∈ 𝜒𝑀. (4) 

 or similarly, 𝑃 be a 𝑔 −symetric endomorphism such as;  

 𝑔 𝑃(𝑋), 𝑌 = 𝑔 𝑋, 𝑃(𝑌) ∀𝑋, 𝑌 ∈ 𝜒𝑀. (5) 

 the pair (𝑔, 𝑃) is a Riemannian almost product structure  [16, 20-30].  

Definition 2.3  Suppose 𝑔 is a Riemannian metric defined on a manifold 𝑀 such 

that;  

 𝑔 𝜗(𝑋), 𝑌 = 𝑔 𝑋, 𝜗(𝑌) ∀𝑋, 𝑌 ∈ 𝜒𝑀 (6) 

 

 equation (6) can be written as;  

𝑔 𝜗(𝑋), 𝜗(𝑌) = 𝑔 𝜗2𝑋, (𝑌) =  (2𝜗 + 𝐼)𝑋, 𝑌 = 2𝑔 𝜗𝑋, 𝑌 + 𝑔 𝑋, 𝑌 ∀𝑋, 𝑌 ∈ 𝜒𝑀 

Then, the pair (𝑔, 𝜗) is said to be a silver Riemannian structure and the triple (𝑀, 𝑔, 𝜗) is a 

silver Riemannian manifold  [5]. Such Riemannian metrics are said to be pure metrics  

[5,22,25].  

 

Definition 2.4  Suppose 𝜗 is a (1,1) tensor field defined on 𝑀, a tensor field 𝑘 of 

type (𝑟, 𝑠) is called a pure tensor field with respect to 𝜗 if;  

 

 

𝑘 𝜗𝑋1, 𝑋2, . . . , 𝑋𝑠; 𝑌
1, 𝑌2 , . . . , 𝑌𝑟 = 𝑘 𝑋1, 𝜗𝑋2, . . . , 𝑋𝑠; 𝑌

1, 𝑌2 , . . . , 𝑌𝑟 
⋮
= 𝑘 𝑋1, 𝑋2, . . . , 𝜗𝑋𝑠; 𝑌

1 , 𝑌2, . . . , 𝑌𝑟 
⋮
= 𝑘 𝑋1, 𝑋2, . . . , 𝑋𝑠; 𝑌

1 , 𝑌2 , . . . ,′ 𝜗𝑌𝑟 

 (7) 

∀𝑋1, 𝑋2, . . . , 𝑋𝑠 ∈ Γ0
1(𝑀) and 𝑌1, 𝑌2, . . . , 𝑌𝑠 ∈ Γ1

0(𝑀), where ′𝜗 is the adjoint operator of 𝜗 

defined by;  

 (′𝜗𝑌)(𝑋) = 𝑌(𝜗𝑋) = (𝑌 ∘ 𝜗)(𝑋) (8) 

, 𝑋 ∈ Γ0
1(𝑀) and 𝑌 ∈ Γ1

0(𝑀)  [5]. 

A defined operator below;  

 Φ𝜗 : Γ𝑠
0(𝑀) → Γ𝑠+1

0 (𝑀) 
is applied to the pure tensor field 𝑘 of type (0, 𝑠) with respect to 𝜗 which is given by; 

 
(Φ𝜗𝑘)(𝑋, 𝑌1, . . . , 𝑌𝑠) = (𝜗𝑋)𝑘(𝑌1, . . . , 𝑌𝑠) − 𝑋𝑘(𝜗𝑌1, . . . , 𝑌𝑠)

+ ‍𝑠
𝜆=1 𝑘(𝑌1, . . . , (𝐿𝑌𝜆𝜗)𝑋, 𝑌𝑠)

 (9) 

 for any 𝑋, 𝑌1, . . . , 𝑌𝑠 ∈ Γ0
1(𝑀) where 𝐿𝑌 is the differentiation with respect to 𝑌  [5].  

 

3  Integrable Silver Riemannian Structure 

 Let (𝑀, 𝜗, 𝑔)  be a silver Riemannian manifold. The necessary and sufficient 

condition for a silver structure 𝜗 to be integrable, is to have a torsion-free affine connection 

▽ with the structure tensor 𝜗 covariantly constant. Also, we know the integrability of 𝜗 is 

equivalent to the vanishing Nijenhuis tensor 𝑁𝜗 = 0  [10]. 

We will now give another possible sufficient condition for integrability of a silver 

structure on Riemannian manifolds.  

Theorem 3.1  Suppose (𝑀, 𝜗, 𝑔) be a silver Riemannian manifold.Then 𝜗 is 
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integrable if (𝛷𝜗𝑔) = 0.  

 proof; from Def. 2.3 and taken ▽𝑔= 0, we get;  

 𝑔(𝑋, (▽𝑍 𝜗)𝑌) = 𝑔((▽𝑍 𝜗)𝑋, 𝑌), ∀𝑋, 𝑌 ∈ Γ0
1(𝑀) (10) 

 Where ▽ is the Riemannian covariant derivative with respect to the metric g. Using Eq. 10 

and [𝑋, 𝑌] =▽𝑋 𝑌 −▽𝑌 𝑋, Eq. 9 can be written as;  

 
(Φ𝜗𝑔) 𝑋, 𝑌1, 𝑌2 = −𝑔 (▽𝑋 𝜗)𝑌1, 𝑌2 

+𝑔((▽𝑌1 𝜗)𝑋, 𝑌2) + 𝑔 𝑌1, (▽𝑋 𝜗)𝑌2 
 (11) 

 also we can write,  

 
(Φ𝜗𝑔) 𝑌2, 𝑌1, 𝑋 = −𝑔 (▽𝑌2 𝜗)𝑌1, 𝑋 

+𝑔((▽𝑌1 𝜗)𝑌2, 𝑋) + 𝑔 𝑌1, (▽𝑋 𝜗)𝑌2 
 (12) 

 by adding Eq.( 11) and Eq.( 12) we obtain  

 

(Φ𝜗𝑔) 𝑋, 𝑌1, 𝑌2 + (Φ𝜗𝑔) 𝑌2, 𝑌1, 𝑋 = −𝑔 (▽𝑋 𝜗)𝑌1, 𝑌2 

+𝑔((▽𝑌1 𝜗)𝑋, 𝑌2) + 𝑔 𝑌1, (▽𝑋 𝜗)𝑌2 

−𝑔 (▽𝑌2 𝜗)𝑌1, 𝑋 

+𝑔((▽𝑌1 𝜗)𝑌2, 𝑋) + 𝑔 𝑌1, (▽𝑋 𝜗)𝑌2 

 (13) 

 but from (10) we can say  

 

𝑔 (▽𝑋 𝜗)𝑌1, 𝑌2 = 𝑔 𝑌1, (▽𝑋 𝜗)𝑌2 

𝑔((▽𝑌1 𝜗)𝑌2, 𝑋) = 𝑔(𝑌2, (▽𝑌1 𝜗)𝑋)

𝑔 (▽𝑌2 𝜗)𝑌1, 𝑋 = 𝑔 𝑌1, (▽𝑌2 𝜗)𝑋 

 (14) 

 by substituting Eq. (14) in Eq. (13) we get;  

 (Φ𝜗𝑔) 𝑋, 𝑌1, 𝑌2 + (Φ𝜗𝑔) 𝑌2, 𝑌1, 𝑋 = 2𝑔(𝑋, (▽𝑌1 𝜗)𝑌2), (15) 

 using (Φ𝜗𝑔) = 0 and Eq. (15) we get (▽𝜗 𝑔) = 0. Hence the proof.  

Corollary 3.2  Suppose (𝑀, 𝜗, 𝑔) is a silver Riemannian manifold and ▽ is a 

levi-civita connection of 𝑔, if (𝛷𝜗𝑔) = 0 we can equivalently say ▽𝜗= 0.  

 

Proposition 1  Suppose 𝑃 is a corresponding almost product structure of a Silver 

Riemannian manifold (𝑀, 𝜗, 𝑔). Then, the silver structure 𝜗 is integrable provided that 

(𝛷𝑃𝑔) = 0 

 proof; from theorem (2.2) if 𝑃 =
1

 2
(𝜗 − 𝐼) is an almost product structure on 𝑀. 

Conversely, 𝑃 induces a silver structure on 𝑀 as 𝜗 = 𝐼 +  2𝑃. let 𝑃2 = 𝐼  be an almost 

product structure on a Riemannian manifold (𝑀, 𝑔), then  

 𝜗2 = (𝐼 +  2𝑃)(𝐼 +  2𝑃) 

 = 𝐼 + 2 2𝑃 + 2𝑃2 

 = 𝐼 + 2 2𝑃 + 2𝐼 

 = 𝐼 + 2(𝐼 +  2𝑃) 
 = 𝐼 + 2𝜗 

 which satisfies Def.(2.1). Conversely,  

 𝑃2 =  
𝜗−𝐼

 2
 
2

 

 =  
(𝜗2−2𝜗)+𝐼

2
  

 =
𝐼+𝐼

2
=

2𝐼

2
= 𝐼 

 which prove our first assertion.  

If a Riemannian metric 𝑔  is pure with respect to a Silver structure 𝜗 , then the 
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Riemannian metric 𝑔 is pure with respect to the corresponding almost product structure 𝑃. 

By using Eq. (2) and Eq. (13) we get;  

 (Φ𝑃𝑔) =
2

 2
(Φ𝜗𝑔) (16) 

 In [5,21] it is shown that for an almost product Riemannian manifold with pure metric 𝑔, if 

Φ𝑃𝑔 = 0, then the almost product structure 𝑃 is integrable. Using theorem (3.1) and (16) we 

can have the following;  

Proposition 2  Suppose 𝑃 is a corresponding almost product structure of (𝑀, 𝜗, 𝑔) 
a silver Riemannian manifold, if 𝛷𝑃𝑔 = 0, then the silver structure 𝜗 is said to be 

integrable.  

 

Definition 3.3 Suppose (𝑀, 𝑃, 𝑔) is a locally decomposable Riemannian manifold in 

which the Riemannian manifold (𝑀, 𝑔) is endowed with an almost product structure 𝑃2 = 𝐼. 
Such that for all vector fields 𝑋 and 𝑌, equation (4) and (5) holds, with also ▽𝑃= 0 where 

▽ is the covariant derivative. We see in [40], it was shown that ▽𝑃= 0 is equivalent to 

decomposability of the pure metric 𝑔 [35] p219-222 and [39] p418-420  

 Since Φ𝑃𝑔 = 0 is the same as t ▽𝑃= 0, The following proposition can be stated.  

 

Proposition 3  Suppose (𝑀, 𝜗, 𝑔) is a Silver Riemannian manifold. The manifold 𝑀 

is a locally decomposable Silver Riemannian manifold if and only if 𝛷𝑃𝑔 = 0, where 𝑃 is 

the corresponding almost product structure.  

 

4  Twin Silver Riemannian Metric 

 Suppose (𝑀, 𝜗, 𝑔) is a silver Riemannian manifold. The twin Silver Riemannian 

metric can be defined by  

 𝐺(𝑋, 𝑌) = (𝑔 ∘ 𝜗)(𝑋, 𝑌) = 𝑔(𝜗𝑋, 𝑌) = 𝑔(𝑋, 𝜗𝑌) (17) 

∀  vectors 𝑋  and 𝑌  on 𝑀 . We can show 𝐺  as a new pure Riemannain metric using 

Def.(2.3).  

 𝐺(𝜗𝑋, 𝑌) = (𝑔 ∘ 𝜗)(𝜗𝑋, 𝑌) 
 = 𝑔(𝜗(𝜗𝑋, 𝑌)) = 𝑔(𝜗2𝑋, 𝑌) 
 = 𝑔((2𝜗 + 𝐼)𝑋, 𝑌) = 2𝑔(𝜗𝑋, 𝑌) + 𝑔(𝑋, 𝑌) 
 = 2𝑔(𝑋, 𝜗𝑌) + 𝑔(𝑋, 𝑌) 
 = 𝑔(𝑋, (2𝜗 + 𝐼)𝑌) = 𝑔(𝑋, 𝜗2𝑌) 
 = 𝑔(𝑋, 𝜗𝑌)𝜗 = (𝑔 ∘ 𝜗)(𝑋, 𝜗𝑌) 
 = 𝐺(𝑋, 𝜗𝑌) 

 By apply the Φ𝜗  operator to the metric 𝐺. Using Eq.(9), we get  

 (Φ𝜗𝐺)(𝑋, 𝑌, 𝑍) = (𝜗𝑋)(𝐺(𝑌, 𝑍)) − 𝑋(𝐺(𝜗𝑌, 𝑍)) + 𝐺((𝐿𝑌𝜗)𝑋, 𝑍) +
𝐺(𝑌, (𝐿𝑍𝜗)𝑋) 

 = (𝐿𝜗𝑋𝐺 − 𝐿𝑋(𝐺 ∘ 𝜗))(𝑌, 𝑍) + 𝐺(𝑌, 𝜗𝐿𝑋𝑍) − 𝐺(𝜗𝑌, 𝐿𝑋𝑍) 
 Using Eq.(17)  

 (Φ𝜗𝐺)(𝑋, 𝑌, 𝑍) = (𝐿𝜗𝑋 (𝑔 ∘ 𝜗) − 𝐿𝑋((𝑔 ∘ 𝜗) ∘ 𝜗))(𝑌, 𝑍) + (𝑔 ∘
𝜗)(𝑌, 𝜗𝐿𝑋𝑍) − (𝑔 ∘ 𝜗)(𝜗𝑌, 𝐿𝑋𝑍) 

 =  𝐿𝜗𝑋𝑔) ∘ 𝜗 + 𝑔 ∘ (𝐿𝜗𝑋𝜗) − 𝐿𝑋(𝑔 ∘ 𝜗) ∘ 𝜗 − (𝑔 ∘ 𝜗)𝐿𝑋𝜗 (𝑌, 𝑍) 
 +(𝑔 ∘ 𝜗)(𝑌, 𝜗𝐿𝑋𝑍) − (𝑔 ∘ 𝜗)(𝜗𝑌, 𝐿𝑋𝑍) 
 =  𝐿𝜗𝑋𝑔 − 𝐿𝑋(𝑔 ∘ 𝜗) (𝜗𝑌, 𝑍) + 𝑔(𝜗𝑌, 𝜗𝐿𝑋𝑍) − 𝑔(𝜗(𝜗𝑌), 𝐿𝑋𝑍) 
 +(𝑔 ∘ 𝐿𝜗𝑋𝑍 − (𝑔 ∘ 𝜗)𝐿𝑋𝑍)(𝑌, 𝑍) 
 = (Φ𝜗𝑋𝑔)(𝑋, 𝜗𝑌, 𝑍) + 𝑔 𝐿𝜗𝑋𝜗 − 𝑔(𝜗(𝐿𝑋𝜗)𝑌, 𝑍)  
 = (Φ𝜗𝑋𝑔)(𝑋, 𝜗𝑌, 𝑍) + 𝑔 [𝜗𝑋, 𝜗𝑌] − 𝜗[𝜗𝑋, 𝑌], 𝑍  
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 +𝑔 𝜗[𝑋, 𝜗𝑌] − 𝜗2[𝑋, 𝑌], 𝑍  
 = (Φ𝜗𝑋𝑔)(𝑋, 𝜗𝑌, 𝑍) + 𝑔([𝜗𝑋, 𝜗𝑌] − 𝜗[𝜗𝑋, 𝑌] 
 −𝜗[𝑋, 𝜗𝑌] + 𝜗2[𝑋, 𝑌], 𝑍) 
 = (Φ𝜗𝑋𝑔)(𝑋, 𝜗𝑌, 𝑍) + 𝑔(𝑁𝜗(𝑋, 𝑌), 𝑍) 

 we can now have the theorem  

Theorem 4.1  For a given silver Riemannian manifold (𝑀, 𝜗, 𝑔), we have the 

following  

 Φ𝜗𝐺 = Φ𝜗𝑋𝑔 ∘ 𝜗 + 𝑔 ∘ 𝑁𝜗  (18) 

 

Corollary 4.2 For a given Silver Riemannian manifold (𝑀, 𝜗, 𝑔) the following 

conditions are equivalent.   

    • Φ𝜗𝐺 = 0 

    • Φ𝜗𝑔 = 0 

 

Theorem 4.3  Suppose (𝑀, 𝜗, 𝑔) is a locally decomposable Silver Riemannian 

manifold. Then the levi-civita connection of the silver Riemannian metric 𝑔 and the 

levi-civita connection of the twin Silver Riemannian metric 𝐺 coincides to each other.  

proof; Let 𝑔 ▽ be a covariant derivative of the levi-civita connection of the Silver 

Riemannian metric 𝑔. BY using theorem (3.1) and (4.1), we get;  

 𝑔 ▽𝐺= (𝑔▽𝑔) ∘ 𝜗 + 𝑔 ∘ (𝑔▽𝜗) 

 = 𝑔 ∘ (𝑔▽𝜗) = 0 

 this shows 𝑔 ▽𝐺= 0 and also by proposition (1) 𝑔 ▽𝑃= 0.  

5  Curvature Properties of locally decomposable Silver Riemannian manifold 

 If a pure tensor 𝑘  satisfies Φ𝑃𝑘 = 0 , then it is called Φ− tensor. If the (1,1) 
tensor 𝑃 is a complex structure, then Φ is an analytic tensor. If 𝑃 is an almost product 

structure such that the Nijenhuis tensor vanishes, then Φ is a decomposable tensor [29]. 

Suppose 𝑅 and 𝑁 are the curvature tensors derived by the silver Riemannian metric 

𝑔 and the the twin Silver Riemannian metric 𝐺 respectively. According to theorem (4.3), for 

a locally decomposable Silver Riemannian manifold we have 𝑅 = 𝑁. Since the Riemannian 

curvature tensor 𝑅 is pure with respect to an almost product structure [5], therefore using 

theorem (2.2) we can also say 𝑅 is pure with respect to the Silver structure 𝜗, by applying 

the Φ− operator to 𝑅. Using similar way in proof of theorem (3.1). We can show that;  

 (Φ𝜗𝑅)(𝑋, 𝑌1, 𝑌2, 𝑌3, 𝑌4) = (▽𝜗𝑋 𝑅)(𝑌1, 𝑌2, 𝑌3, 𝑌4) − (▽𝑋 𝑅)(𝜗𝑌1, 𝑌2, 𝑌3, 𝑌4) (19) 

 Taking into account 𝑅 is pure and applying the Bianchi’s 2𝑛𝑑  identity to Eq.(19), we get;  

 

(Φ𝜗𝑅)(𝑋, 𝑌1, 𝑌2, 𝑌3, 𝑌4) = 𝑔 (▽𝜗𝑋 𝑅)(𝑌1, 𝑌2, 𝑌3) − (▽𝑋 𝑅)(𝜗𝑌1, 𝑌2, 𝑌3), 𝑌4) 

= 𝑔 (▽𝜗𝑋 𝑅)(𝑌1, 𝑌2, 𝑌3) − 𝜗(▽𝑋 𝑅)(𝑌1, 𝑌2, 𝑌3), 𝑌4) 

= 𝑔(−(▽𝑌1 𝑅)(𝑌2, 𝜗𝑋, 𝑌3) − (▽𝑌2 𝑅)(𝜗𝑋, 𝑌1, 𝑌3)

−𝜗(▽𝑋 𝑅)(𝑌1, 𝑌2, 𝑌3), 𝑌4)))

 (20) 

 On the other hand taking ▽𝜗= 0 we get;  

 (▽𝑌2 𝑅)(𝜗𝑋, 𝑌1, 𝑌3) =▽𝑌2 (𝑅(𝜗𝑋, 𝑌1, 𝑌3)) − 𝑅(▽𝑌2 (𝜗𝑋), 𝑌1, 𝑌3) −

𝑅(𝜗𝑋,▽𝑌2 𝑌1, 𝑌3) 

 −𝑅(𝜗𝑋, 𝑌1,▽𝑌2 𝑌3) 

 =
(▽𝑌2 𝜗)(𝑅(𝑋, 𝑌1, 𝑌3)) + 𝜗(▽𝑌2 𝑅(𝑋, 𝑌1, 𝑌3)) − 𝑅((▽𝑌2 𝜗)𝑋 + 𝜗(▽𝑌2 𝑋), 𝑌1, 𝑌3) 

 −𝑅(𝜗𝑋,▽𝑌2 𝑌1, 𝑌3) − 𝑅(𝜗𝑋, 𝑌1,▽𝑌2 𝑌3) 
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 = 𝜗(▽𝑌2 𝑅(𝑋, 𝑌1, 𝑌3)) − 𝜗(𝑅(▽𝑌2 𝑋, 𝑌1, 𝑌3)) − 𝜗(𝑅(𝑋,▽𝑌2 𝑌1, 𝑌3)) 

 −𝜗(𝑅(𝑋, 𝑌1,▽𝑌2 𝑌3)) 

 therefore,  

 (▽𝑌2 𝑅)(𝜗𝑋, 𝑌1, 𝑌3) = 𝜗((▽𝑌2 𝑅)(𝑋, 𝑌1, 𝑌3)) (21) 

 In similar way we can find;  

 (▽𝑌1 𝑅)(𝑌2, 𝜗𝑋, , 𝑌3) = 𝜗((▽𝑌21 𝑅)(𝑌2, 𝑋, 𝑌3)) (22) 

 By using Eq. (21) and (22) into Eq.(20) we get;  

 
(Φ𝜗𝑅)(𝑋, 𝑌1, 𝑌2, 𝑌3, 𝑌4) = 𝑔(−𝜗(▽𝑌21 𝑅)(𝑌2, 𝑋, 𝑌3) − 𝜗(▽𝑌2 𝑅)(𝑋, 𝑌1, 𝑌3)

−𝜗(▽𝑋 𝑅)(𝑌1, 𝑌2, 𝑌3), 𝑌4))
 

 

 = −𝑔(𝜗 𝜁(▽𝑋 𝑅)(𝑌1, 𝑌2) , 𝑌3, 𝑌4) = 0 

 Where 𝜁  denotes the cyclic sum with respect to 𝑋, 𝑌1  and 𝑌2 . We can then have the 

following;  

Theorem 5.1  For a given locally decomposable Silver Riemannian manifold, the 

Riemannian curvature tensor field is a 𝛷 − tensor field.  

 By using Eq.(2) and Eq.(9) we get;  

 (Φ𝑃𝑅) =
2

 2
(Φ𝜗𝑅) (23) 

Where 𝜗 is a Silver structure and 𝑃 is its corresponding almost product structure. From 

Eq.(23) we can have the following;  

Proposition 4  In a locally decomposable Silver Riemannian manifold, the 

Riemannian curvature tensor field is a decomposable tensor field.  

 

 



International Journal of Advanced Academic Research | ISSN: 2488-9849 

Vol. 7, Issue 12 (December, 2021) | www.ijaar.org  

 

64 

 

References 

[1] K. Yano, “On a structure defined by a tensor field f of type (1, 1) satisfying 𝑓3 + 𝑓 = 0" 

in North-Holland Mathematics Studies, vol. 70, pp. 251-261, Elsevier, 1982. 

[2] S. I. Goldberg and K. Yano, “Polynomial structures on manifolds," in Kodai 

Mathematical Seminar Reports, vol. 22, pp. 199-218, Department of Mathematics, Tokyo 

Institute of Technology, 1970. 

[3] C. Hretcanu and M. Craşmareanu, “On some invariant submanifolds in a riemannian 

manifold with golden structure," An. Stiint. Univ. Al. I. Cuza Iasi. Mat.(NS), vol. 53, no. 1, 

pp. 199-211, 2007. 

[4] M. Craşmareanu and C.-E. Hretcanu, “Golden differential geometry," Chaos, Solitons & 

Fractals, vol. 38, no. 5, pp. 1229-1238, 2008. 

[5] A. Gezer, N. Cengiz, and A. Salimov, “On integrability of golden Riemannian structures," 

Turkish Journal of Mathematics, vol. 37, no. 4, pp. 693-703, 2013. 

[6] A. Gezer and C. Karaman, “Golden-hessian structures," Proceedings of the National 

Academy of Sciences, India Section A: Physical Sciences, vol. 86, no. 1, pp. 41-46, 2016. 

[7] C.-E. Hretcanu and M. CRAŞMAREANU, “Applications of the golden ratio on 

riemannian manifolds," Turkish Journal of Mathematics, vol. 33, no. 2, pp. 179-191, 2009. 

[8] F. Özdemir and M. CRAŞMAREANU, “Geometrical objects associated to a 

substructure," Turkish Journal of Mathematics, vol. 35, no. 4, pp. 717-728, 2011. 

[9] M. Özkan, “Prolongations of golden structures to tangent bundles," Differ. Geom. Dyn. 

Syst, vol. 16, pp. 227-238, 2014. 

[10] M. Özkan and B. Peltek, “A new structure on manifolds: Silver structure," International 

Electronic Journal of Geometry, vol. 9, no. 2, pp. 59-69, 2016. 

[11] M. Özkan and F. YILMAZ, “Prolongations of golden structures to tangent bundles of 

order r," 2016. 

[12] B. Şahin and M. A. Akyol, “Golden maps between golden riemannian manifolds and 

constancy of certain maps," Mathematical Communications, vol. 19, no. 2, pp. 333-342, 

2014. 

[13] M. Savas, M. Özkan, and M. Iscan, “On 4-dimensional golden-walker structures," 

Journal of Science and Arts, vol. 16, no. 2, p. 89, 2016. 

[14] E. H. Yardımcı and Y. Yaylı, “Golden quaternionic structures," Int. Electron. J. Pure 

Appl. Math, vol. 7, pp. 109-125, 2014. 

[15] M. Chandra and M. Rani, “Categorization of fractal plants," Chaos, Solitons & Fractals, 

vol. 41, no. 3, pp. 1442-1447, 2009. 

[16] M. Iscan and A. Salimov, “On kähler-norden manifolds," Proceedings Mathematical 

Sciences, vol. 119, no. 1, pp. 71-80, 2009. 

[17] G. Kruchkovich, “Hypercomplex structures on manifolds. i," Trudy Sem. Vektor. Tenzor. 

Anal, vol. 16, pp. 174-201, 1972. 

[18] G. Kruchkovich, “Hypercomplex structures on manifolds. i.” (russian) tr, Semin. 

Vektorn. Tenzorn. Anal, vol. 18, pp. 174-201, 1977. 

[19] A. P. Norden, “On a class of four-dimensional a-spaces," Izvestiya Vysshikh Uchebnykh 

Zavedenii. Matematika, no. 4, pp. 145-157, 1960. 

[20] A. Salimov, “Non-existence of para-kähler-norden warped metrics," International 

Journal of Geometric Methods in Modern Physics, vol. 6, no. 07, pp. 1097-1102, 2009. 

[21] A. Salimov, M. Iscan, and F. Etayo, “Paraholomorphic b-manifold and its properties," 

Topology and its Applications, vol. 154, no. 4, pp. 925-933, 2007. 

[22] A. Salimov, M. Iscan, and K. Akbulut, “Some remarks concerning hyperholomorphic 

b-manifolds," Chinese Annals of Mathematics, Series B, vol. 29, no. 6, pp. 631-640, 2008. 

[23] A. Salimov and M. Iscan, “Some properties of norden-walker metrics," Kodai 

Mathematical Journal, vol. 33, no. 2, pp. 283{293, 2010. 



International Journal of Advanced Academic Research | ISSN: 2488-9849 

Vol. 7, Issue 12 (December, 2021) | www.ijaar.org  

 

65 

 

[24] A. A. Salimov and F. Agca, \Some properties of sasakian metrics in cotangent bundles," 

Mediterranean Journal of Mathematics, vol. 8, no. 2, pp. 243{255, 2011. 

[25] A. Salimov, “On operators associated with tensor _elds," Journal of Geometry, vol. 99, 

no. 1-2, pp. 107{145, 2010. 

[26] A. Salimov, A. Gezer, and S. Aslanci, \On almost complex structures in the cotangent 

bundle," Turkish Journal of Mathematics, vol. 35, no. 3, pp. 487{492, 2011. 

[27] M. SAKIZAWA and S. MASAMI, \A note on the complete lift of _-tensors to a tangent 

bundle," TRU Mathematics= TRU Mathematics, no. 5, pp. 43{45, 1969. 

[28] A. P. Shirokov, \On the question of pure tensors and invariant subspaces in manifolds 

with almost algebraic structure," Uchenye Zapiski Kazan-skogo Universiteta. Seriya 

Fiziko-Matematicheskie Nauki, vol. 126, no. 1, pp. 81{89, 1966. 

[29] S.-i. Tachibana, \Analytic tensor and its generalization," Tohoku Mathematical Journal, 

Second Series, vol. 12, no. 2, pp. 208{221, 1960. 

[30] V. V. Vishnevskii, \On the complex structure of b-spaces," Uchenye Zapiski 

Kazanskogo Universiteta. Seriya Fiziko-Matematicheskie Nauki, vol. 123, no. 1, pp. 24{48, 

1963. 

[31] V. V. Vishnevskii, \Certain properties of di_erential geometric structures that are 

determined by algebras," Plovdiv. Univ. Nauchn. Trud, vol. 10, pp. 23{30, 1972.12 

[32] V. Vishnevskii, \A_nor structures of manifolds as structures de_nable by 

algebras.(survey article).(russian) commemoration volumes for Prof. Dr. Akitsugu 

Kawaguchi's seventieth birthday, vol. iii," Tensor (NS), vol. 26, pp. 363{372, 1972. 

[33] V. Vishnevskii, A. Shirokov, and V. Shurygin, \Spaces over algebras," Kazanskii 

Gosudarstvennyi Universitet, Kazan, 1985. 

[34] V. V. Vishnevskii, \Integrable a_nor structures and their plural interpretations," Journal 

of Mathematical Sciences, vol. 108, no. 2, pp. 151{187, 2002. 

[35] K. Yano, Di_erential geometry on complex and almost complex spaces, vol. 49. 

Macmillan, 1965. 

[36] K. Yano and M. Ako, “On certain operators associated with tensor _elds," in Kodai 

Mathematical Seminar Reports, vol. 20, pp. 414{436, Department of Mathematics, Tokyo 

Institute of Technology, 1968. 

[37] A. Gray, “Pseudo-riemannian almost product manifolds and submersions," J. Math. 

Mech., vol. 16, pp. 715{738, 1967. 

[38] G. Pripoae, “Classi_cations of semi-riemannian almost product structures," in 

Proceedings of the Conf. Appl. Di_. Geom.-Gen. Relativity, 2001, Geom. Balkan Press, 

2004. 

[39] K. Yano and M. Kon, Structures on manifolds. World Scienti_c, 1984. [40] A. Salimov, 

K. Akbulut, and S. Aslanci, “A note on integrability of almost product of riemannian 

structures," Arabian Journal for Science and Engineering, vol. 34, no. 1, p. 153, 2009. 


