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ABSTRACT 

The treatment of industrial waste water has become of utmost importance so as to destroy 

pathogens and limit odour associated with residual putrescible matter.  This technical paper 

“Modeling an anaerobic reactor for the treatment of industrial waste water” studies the 

kinetics of industrial waste water biodegradability under the condition of microbial substrate 

limiting mesophillic anaerobic digestion. With the help of suitable kinetic models such as 

Monod, Edward-Haldone, etc mathematical models are developed for the design of different 

types of Anaerobic reactors: batch, continuous stirred, and plug-flow for the treatment of  

industrial waste water with minimal dilution. With the data obtained, a MATLAB program in 

fourth order Rungekutta for the continuous stirred Anaerobic reactor gave a linear model. 

The continuous stirred Anaerobic reactor with recycle enhances higher reaction surface area 

and higher treatment time thus ensuring higher product quality but the batch reactor and the 

plug-flow reactor may be chosen considering cost and mode of operation desired. Local 

design, fabrication and installation of the Anaerobic reactor could help Nigerian industries 

and environmental agencies treat their industrial waste water at affordable cost. 

Keywords: Modeling; Anaerobic reactor; Industrial waste water; Kinetic Model. 
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1.0. INTRODUCTION  

Rabah (2018) defines Industrial waste water as water which has been used for industrial 

purposes and has been mixed with solids either suspended or dissolved. Waste water must be 

treated to remove these solids and other hazardous and toxic substances present in the waste 

water. Industrial waste water is known to be deleterious to human health causing pathogenic 

disease and to environment (soil, water and air). Moreso, industrial waste water is harmful to 

the ecosystem, plants, animals and aquatic life. A vessel in which processes by which micro- 

organisms break down biodegradable material in the absence of oxygen is called Anaerobic 

reactor (NNFC, 2011). A waste water treatment process includes an anaerobic reactor in 

which organic matter in the waste water are converted to methane and carbon (iv) oxide 

(biogas) through series of reactions involving facultative and obligate anaerobic micro-

organisms. 

In the Anaerobic reactor, micro-organisms act on the substrate (Industrial waste water) to 

enhance biodegradability of the industrial waste water. In the process, the micro-organisms 

replicate themselves and produce other products such as biogas. Biogas a substitute for 

natural gas can be used for electrical power generation and heating. Biogas produced from 

anaerobic digestion is useful for generating power for operating the plant hence optimizing 

the operational cost of the waste water treatment plant (Appels et al., 2008)  

 Under mesophillic conditions (36 
0
c) submerged immobilized micro-organisms act on 

Industrial waste water in an Anaerobic reactor employing microbial substrate limiting under 

anaerobic digestion. 

In this technical paper, the Monods kinetic model and Edward – Haldone kinetic model are 

used with materials balances for biomass and industrial waste water to develop mathematical 

models for the anaerobic reactor: batch, plug-flow and continuous stirred tank.   These 

mathematical models used with MATLAB software results in defined values and variation of 

the various parameters. A knowledge of these values and their variation enhances optimum 

operation for maximal performance of the anaerobic reactor.  
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Fig. 1: The Anaerobic  Reactor. 

Source: Wikipedia (2014) 

 

 

On the basis of mode of operation, the anaerobic reactor is classified as continuous stirred 

tank, plug flow and batch. 

Rao, (2010) defines a batch anaerobic reactor as an anaerobic reactor fed with all reactants 

and sealed with no further inflow or outflow of materials, the products withdrawn after the 

reaction time is over. Continuous stirred tank anaerobic reactors (CSTAR) are mixed flow 

anaerobic reactors, the flow rate of feed is equal to the flow rate of product out of the reactor 

with the contents well mixed with the help of a stirrer. 

Fed-batch or semi-continuous stirred tank anaerobic reactor is an anaerobic reactor initially 

started as variable volume batch with no output until the desired volume is achieved. It is 

then switched on to continuous flow mode but the input feed rate and output flow rates are 

not constant. These feed rates depend on an appropriate metabolic function, the respiratory 

Quotient of the process organism (Tapobrata, 2011). In plug flow anaerobic reactors there is 

no mixing of reactants but conversion occurs as the reactants move from one end of the 

reactor to the other. Batch-fed anaerobic reactor is an anaerobic reactor initially started as 

variable volume with product withdrawn when it is formed and feed injected only when some 

product is removed (Tapobrata, 2011). 



International Journal of Advanced Academic Research | Sciences, Technology & Engineering | ISSN: 2488-9849 

Vol. 4, Issue 10 (October 2018) 

    

65 
 

Lopez et al. (1997) state that Micro-organisms growing in anaerobic reactors may be 

submerged in liquid medium or attached to the surface of a solid medium. Submerged 

cultures may be suspended or immobilized. Immobilization is useful for continuously 

operated processes, since the organisms will not be removed with the reactor effluent. 

Therefore, for a continuous stirred tank anaerobic reactor, submerged immobilized micro-

organisms should be used. 

However, suspended anaerobic reactors have the advantage that since special attachments are 

not needed, they can operate at a much larger scale than immobilized cultures. In 

immobilized anaerobic reactors, the micro-organisms are only present on the surface of the 

vessel thus imposing the constraint of limited scale. 

1.1.  Factors Affecting the Rate of Microbial Digestion  

Temperature 

Perry & Green  (1997) gives temperatures: 

30 −  38℃ Mesophillic condition.  

50 −  70℃ Thermophillic condition.  

Thermophillic condition has the advantage of increasing the solubility of organic compounds, 

enhancing biological and chemical reaction rates and increasing death rate of pathogens. 

However, at high temperature there is increase in fraction of free ammonia which inhibits the 

activity of the methanogenic bacteria. 

Thermophillic digestion is more efficient in volatile solids destruction and biogas production 

compared to mesophillic digestion. However, Thermophillic digestion produces class A 

biosolids since high temperature helps destroy pathogens in the waste water. Mesophillic 

digestion produces class B biosolids. 

pH  

For optimum activity of the methanogenic bacteria, the pH should be maintained between 6.5 

to 7.2 (Boe, 2006).This helps avoid free ammonia toxicity which inhibits the activity of the 

methanogenic bacteria. The volatile fatty acids produced tend to reduce the pH but the 

methanogenic bacteria counteracts this by producing alkalinity in the form of carbon dioxide 

and ammonia. 

Hydraulic Retention Time 

This is the average time liquid is held in the digestion process. Perry & Green (1997) 

recommends a hydraulic retention time of  3 – 4 days but to compensate for loading variation 

and also provide a factor of safety, a hydraulic retention time of 10 – 30 days is used. 

In practice a factor of safety should be provided when selecting retention time. 

Tchobanoglous etal., (2004) recommends a multiplication factor of 2.5. 
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2.0. Process Description  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2: Process Flow for an Anaerobic Reactor 
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3.0.  Mathematical Modelling  

3.1.  For A Batch Anaerobic Reactor  Process  

The general form of the unsteady state materials balance for the substrate and biomass is given as:  

 

 
Flow of

material 
in 

  +   
𝑀𝑖𝑐𝑟𝑜𝑏𝑖𝑎𝑙 

𝑏𝑖𝑜𝑑𝑒𝑔𝑟𝑎𝑑𝑎𝑏𝑖𝑙𝑖𝑡𝑦 
𝑜𝑓 𝑤𝑎𝑠𝑡𝑒 𝑤𝑎𝑡𝑒𝑟

  −   
𝐹𝑙𝑜𝑤 𝑜𝑓 

𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑠 
𝑜𝑢𝑡

    =   
𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛

𝑜𝑟
𝑚𝑖𝑐𝑟𝑜𝑏𝑖𝑎𝑙 𝑔𝑟𝑜𝑤𝑡

  (1 ) 

 

 For a batch process, Flow in = 𝑂  

And flow out = 𝑂  

Hence the materials balance expression for the batch process:  

 

 
𝑊𝑎𝑠𝑡𝑒 𝑤𝑎𝑡𝑒𝑟
𝑀𝑖𝑐𝑟𝑜𝑏𝑖𝑎𝑙 

𝐵𝑖𝑜𝑑𝑒𝑔𝑟𝑎𝑑𝑎𝑏𝑖𝑙𝑖𝑡𝑦
     =      

𝑀𝑖𝑐𝑟𝑜𝑏𝑖𝑎𝑙
𝐺𝑟𝑜𝑤𝑡

             (2) 

 

For Biomass  

From Levenspiel (2001) for a reaction 𝐴 → 𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑠 

𝑟𝐴𝑣 = 𝐾𝐶𝐴𝑉                                                                                                                                                         (3) 

Microbial biodegradability:  

𝑅𝑥1
𝑉 =   𝜇𝑉𝑥1                                                                                                                     (4) 

Where:     

𝑥1 is the instantaneous concentration of biomass 

𝑉 is the volume of the batch anaerobic reactor. 

𝜇 is the specific growth rate 

𝑅 is the rate of microbial biodegradation. 

Accumulation of micro-organisms  
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=  
𝑑(𝑣𝑥1  )

𝑑𝑡
=

𝑑𝑥1

𝑑𝑡
                                                                                                                                                     (5) 

  

Note that from equation (2)  

 

This is also equal to waste water microbial biodegradability. 

Equating equations (4) and (5)  

                                                            
𝑉𝑑𝑥1    

𝑑𝑡
= 𝜇𝑥𝑙𝑉                                                                           (6)     

  

Dividing both sides of equation (6) by V, the volume of the batch reactor:  

 

 𝑉𝑑𝑥1 

𝑉𝑑𝑡
=  

𝜇𝑥1𝑉

𝑉
 

 

 
𝑑𝑥1 

𝑑𝑡
   =  𝜇𝑥1                                                                                                                                 (7)         

                                                                                                                         

 

Where t  is the time 

  

For the Industrial Waste Water 

Microbial biodegradability:  

                   

− 𝑅𝑥2𝑉 =  −
1

𝑌
 𝑅𝑥1𝑉 =  −  

𝜇𝑋1𝑉

𝑌
                                                                                                                   (8) 

 

Where Y is the yield coefficient.  

Accumulation of micro-organisms: 

𝑑(𝑉𝑥2  )

𝑑𝑡
=  

𝑉𝑑𝑥1

𝑑𝑡
                                                                                                                                           (9) 

 

Equating equations (8) & (9):   

 

 

𝑉𝑑𝑥2

𝑑𝑡
 =  −

𝜇𝑥1𝑉

𝑌
                                                                                                                                            (10)  

 

Where negative sign depicts biodegradation.  

 

𝑥2 is the instantaneous concentration of the industrial waste water 

 



International Journal of Advanced Academic Research | Sciences, Technology & Engineering | ISSN: 2488-9849 

Vol. 4, Issue 10 (October 2018) 

    

69 
 

KINETIC MODEL  

 

𝜇 =
𝜇𝑚  𝑆

𝐾𝑠+𝑆
                                                                                                                                 (11) 

 

 Coulson & Richardson (1991) give the Monods Kinetic model 

                                       

Where μ as defined before still remains the specific growth rate. 𝐾𝑠, the monods constant and 𝑆 the 

feed or substrate concentration.  

In our context we already defined 𝑥1 to be instantaneous concentration of biomass and 𝑋2 to be the 

instantaneous concentration of the industrial waste water.  

𝑆 can be replaced by 𝑋2: 

Hence the monods equation becomes: 

μ = 
𝜇𝑚 𝑥2

𝐾𝑚 +𝑥2
                                                                                                                                                                 (12) 

Where 𝐾𝑀  is the Monods constant, 𝜇𝑚  is a constant known as maximum specific growth rate.  

From equation (12) the rate of change in concentration of biomass 
𝑑𝑥1

𝑑𝑡
 

And the rate of change in concentration of industrial waste water   
𝑑𝑥2

𝑑𝑡
 can be written as follows:  

𝑑𝑋1

𝑑𝑡
  = 

𝜇𝑚 𝑋1𝑋2

𝑘𝑚 +𝑋2
− − − − − − − − − − − − − − − −(13) 

𝑑𝑋2

𝑑𝑡
  =  ─ 

𝜇𝑚 𝑋1𝑋2

𝑌(𝐾𝑚+𝑋2)
− − − − − − − − − − − − − − −(14)  

The negative sign depicts microbial biodegradation of the industrial waste water.  

Coulson & Richardson (1991) besides the monods kinetic model also give the Edward – Haldone 

kinetic model as below:  

μ = 
𝜇𝑚   𝑆

    𝐾𝑠     +  𝑆 +(
𝑆2

𝐾1
)
− − −                      − − − − − − (15) 

Where 𝐾1 is the inhibition constant 

𝑆  relates to the substrate limiting component. 

Coulson & Richardson (1991) state that maximum growth in this instance does not occur at the highest 

substrate  concentration but rather at some intermediate value.  
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Replacing 𝑆 with 𝑋2, the concentration of the substrate (industrial waste water) and 𝐾𝑠 with 𝐾𝑚 the 

Monods constant we obtain:  

μ  = 
𝜇𝑚 𝑋2

𝐾𝑚+𝑋2+(
𝑋2

2

𝐾1
)
− − − − − − − − − − − − − − (16) 

Based on Edward – Haldane’s model: 

𝑑𝑋1

𝑑𝑡
=  𝜇𝑋1  𝐴𝑁𝐷 

𝑑𝑋2

𝑑𝑡
= −  

𝜇𝑋1

𝛾
 

𝑏𝑒𝑐𝑜𝑚𝑒𝑠: 

𝑑𝑥1

𝑑𝑡
=  

𝜇𝑚  𝑋1𝑋2

𝑘𝑚 + 𝑥2 +
𝑋22

𝑘1

− − − − − − − − − − − − − − − −  (17) 

𝑑𝑥2

𝑑𝑡
=  −  

𝜇𝑚  𝑋1𝑋2

𝛾(𝑘𝑚 +   𝑋2 +
𝑋22

𝑘1
)
− − − − − − − − − − − − − − − − (18) 

in the substrate limiting process where: 

μm    is the maximum specific growth rate 

km    is the Monods constant 

k1     is the inhibition  constant. 

3.2.  THE PLUG FLOW ANAEROBIC REACTOR PROCESS 

 

 𝐹0 , 𝑋10 , 𝑋20𝑋2 + 𝑑𝑋2 

 

                                                      𝑍                𝑍 + 𝑑𝑍  

 

 

                                                                                                                          

     F1, X1 in , X2 in  

             Fig. 3: Schematic diagram for a Plug-flow Anaerobic Reactor 

   Fo , Xo, X2,0 

                                                           𝑋1 + 𝑑𝑋1  

𝑋1

𝑋2
 

 

𝑋2 + 𝑑𝑋2 

dzz 
z 
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Materials balance over a differential volume  dv for biomass and substrate  

are given below: 

𝑭𝑶𝑹 𝑻𝑯𝑬 𝑩𝑰𝑶𝑴𝑨𝑺𝑺 

 𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑠 𝑖𝑛 = [𝐹0 +  𝐹1 ] 𝑋1,𝑧,  − − − − − − − − − − − − − (19)  

𝑀𝑖𝑐𝑟𝑜𝑏𝑖𝑎𝑙 𝑏𝑖𝑜𝑑𝑒𝑔𝑟𝑎𝑑𝑎𝑏𝑙𝑖𝑡𝑦  

= 𝑅𝑋1  
𝑑𝑣 =  𝜇𝑋1𝑑𝑣 =  𝜇𝑋1𝐴𝑑𝑧 − − − − − − − − − − − − − − − (20) 

 𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑠 𝑜𝑢𝑡 = [𝐹0 +  𝐹1 ] 𝑋1,𝑧, + 𝑑𝑧 − − − − − − − − − − − −(21) 

Expanding the above expression in Taylor series around the point Z and                                                     

neglecting second order differential coefficients since the reaction model is first order. 

𝑊𝑒 𝑜𝑏𝑡𝑎𝑖𝑛: 

(𝐹0 +  𝐹1 ) 𝑋1,𝑧+𝑑𝑧  = (𝐹0 +  𝐹1 ) 𝑋1,𝑧  +   𝐹0 +  𝐹1 
𝜕𝑥1𝜕𝑍 1

𝜕𝑍
− − − − −  22  

Volume = Area (A) x length (∂Z) 

Accumulation =  
∂ AdzX1 

∂Z
− − − − − − − − − − − − − − −  23  

Applying equation  1  

IN –  OUT     +         Microbial          =          Accumulation 

                     Biodegradability            (Microbial  growth) 

 

We have: 

(F0 + F1 ) X1,z, −  (F0 +  F1 ) X1,z −   F0 +  F1 
∂x1 ∂z

∂Z
+ μX1Adz =

∂

∂t
 AdzX1 − −(24) 

The first two terms in terms in equations above subtracts out, we obtain  

∂

∂t
  AdZX1 =  − F0 +  F1  

∂x1 ∂Z

∂Z
+  μX1Adz − − − − − − − − −  25  

 Dividing both sides of equation (25) by AdZ 

∂

∂t
 
AdZ

AdZ
 X1 =  − F0 +  F1  

∂x1 ∂Z

∂ZAdZ
+ μX1

AdZ

AdZ
− − − − − − − − − − −  26  

Where t is the time 
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X1 is concentration of biomas, F0 +  F1 is feed flowrates, μ is specific growth rate 

∂X1

∂t
=  − F0 + F1 

∂X1

Ad Z
+  μX1 − − − − − − − − − − − − − ( 27) 

 

Applying a modification of the monods equation to account for the consumption of cellular material to 

produce maintenance energy. Coulson & Richardson (1991) gives:  

μ = μm  
S

ks +s
−  kd − − − − − − − − − − − − − − − − − (28) 

Where the constant kd  is referred to as endogenous respiration coefficient or specific maintenance 

rate. 

 

As usual, we change S to 𝑋2 and  𝐾𝑠  to 𝐾𝑚   and obtain:  

 

𝜇 =  𝜇𝑚
𝑥2

𝐾𝑚 +𝑥2
−  𝑘𝑑 − − − − − − − − − − − − − − − − − (29) 

Patterning equation (27) to the format of equation 29 we obtain:  

𝜕𝑋 ı

𝜕𝑡
=  −

 𝐹0+𝐹1 

𝐴
    

  𝜕𝑋1

  𝜕𝑧
+      

𝜇𝑚 𝑋1𝑋2

𝐾𝑚 +𝑋2
−  𝑘𝑑𝑋1 − − − − − − − − − (30) 

 

Where A is the cross sectional area of the anaerobic  reactor, Recall that: 

                [volume = Area x Lengh] 

 𝐹1 is the inoculums volumetric flow rate.       (31) 

 

FOR THE INDUSTRIAL WASTE WATER (SUBSTRATE). 

[𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖𝑛 ] =  𝐹0 + 𝐹1 𝑋2,𝑧 − − − − − − − − − − − − − − − (32) 

[Microbial biodegradability] = - Rx2𝑑𝑣 = −
1

𝑌
 𝑅𝑋1𝑑𝑣 =  −

ı

𝑌 
 𝜇𝑋1𝐴𝑑𝑍 − − − −   (33) 

   

Where a negative sign depicts microbial biodegradability of the industrial waste water. 

 Flow the materials out =  𝐹0 + 𝐹1 𝑋2,𝑧 +𝑑𝑧
− − − − − − − − − − − − − −(34) 

 

Expanding the above expression in Taylor series around the point 𝑧 and neglecting differential 

coefficients of the second order we obtain:  

 𝐹0 + 𝐹1 𝑋2,𝑧 +𝑑𝑧
=   𝐹0 + 𝐹1 𝑋2,𝑧+  𝐹0 + 𝐹1 

𝜕𝑋2

𝜕𝑍
𝑑𝑧+. . . − − − − − − − − −(35) 

For flow of materials out. 

Accumulation = 
𝜕(𝐴𝜕𝑍𝑋2)

𝜕𝑡
− − − − − − − − − − − − − − − −(36)  

Applying equation  (1)   

 IN – OUT + Microbial Biodegradability = Accumulation or Microbial growth.   
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We have: 

 𝐹0 + 𝐹1 𝑋2,𝑧 −   𝐹0 + 𝐹1 𝑋2,𝑧 −  𝐹0 + 𝐹1 
𝜕𝑋2. 𝑑𝑍

𝜕𝑍
−

1

𝑌
 𝜇𝑥1𝐴𝑑𝑍  

=  
𝜕(𝐴𝑑𝑍𝑋2)

𝜕𝑡
− − − − − − − − − − − − − ( 37) 

 

 

Subtracting out the first two terms of equation 37 we obtain 

− 𝐹0 + 𝐹1 
𝜕𝑋2 .𝑑𝑍

𝜕𝑍
−

1

𝑌

𝜇𝑚 𝑋1𝑋2

(𝐾𝑚 +𝑋2)
 𝐴𝑑𝑧 =

𝜕(𝐴𝑑𝑍𝑋2)

𝜕𝑡
− − − − − − − − − − − (38) 

 

Dividing equation 38 through by Ad𝑍: 

 

𝜕𝐴𝑑𝑍𝑋2

𝜕𝑡𝐴𝜕𝑍
=  −

 𝐹0 + 𝐹1 𝜕𝑋2

𝐴𝜕𝑍
 −  

1

𝑌

𝜇𝑚𝑋1𝑋2

(𝐾𝑚 + 𝑋2)
  
𝐴𝑑𝑍

𝐴𝜕𝑍
− − − − − − − − − −(39) 

 

  
  𝜕𝑋2

  𝜕𝑡
= −

 𝐹0+𝐹1 𝜕𝑋2

𝐴      𝜕𝑍
 –  

𝜇𝑚 𝑋1𝑋2

𝑌(𝐾𝑚 +𝑋2)
 − − − − − − − − − − − − − − − (40) 

 

For Volume of a plug-flow anaerobic reactor: 

Normally plug- flow reactors are cylindrical in shape 

So, volume (Vp) = 𝜋 r
2
 L − − − − − − − − − − − − − − − − − 41  

Where 𝑟 is the radius, L the length of the reactor. Plug- flow reactor is always positioned horizontal. 

  

 The author cannot use equations in (Levenspiel, 2001) e.g.  

𝑉𝑅  =
NAO

K1CAt  
ln  

1

1−XA  
                                        (42)  

Because it is for steady state, but the anaerobic  reaction under consideration is an unsteady state 

process. 

 

The space time = 𝜏 =  
𝑉𝑝

𝑉
− − − − − − − − − − − − − − − − − − −  43  

 Where Vp is the reactor volume and V is the feed rate = 
 𝐹0 + 𝐹1 

2
     

The space velocity or dilution rate: 

 

= 
1

𝜏
=  

𝑉

𝑃
= 

 𝐹0+𝐹1 
2 

𝑉𝑝
− − − − − − − − − − − − − − − − − −(44) 

 

 

Space time is the inverse of dilution rate. 
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Heat Generation 

 

q = 𝑈𝐴∆𝑇 − − − − − − − − − − − − − − − − − − − (45) 

 

U =  
𝑞

 𝐴∆𝑇
− − − −              − − − − − − − − − − − −(46) 

 

Where  q is heat flow, U the overall heat transfer coefficient, A the cross sectional area and ∆𝑇, the 

change in temperature. 

 

3.3.  CONTINUOS STIRRED ANAEROBIC REACTOR.  

We have one with recycle, that is the treated waste water is fed back to the reactor for further 

treatment.  

WITH RECYCLE:     

 

 

 

 

   

   

                    

 

                  Fig 4: Process Flow  for Continuous Stirred Anaerobic Reactor with Recycle. 

Material balance for Biomass and substrate are given below:  

 

FOR  BIOMASS  

 𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖𝑛  = 𝐹0 𝑋1,0 +  𝐹𝑅𝑋1𝑅                                                                                         (47) 

Where 𝑅 represents recycle stream.  

Microbial biodegradability                                 (48)  

Final Effluent 
     
𝐹 0

, 𝑋1𝑒 ,𝑋2𝑒     

𝐹𝑅𝑋1𝑅F,𝑋2  

Wasted water 

𝐹0 , 𝑋1,0,𝑋2,0 

𝑤𝑎𝑠𝑡𝑒 𝑤𝑎𝑡𝑒𝑟 

𝐹𝑅𝑋1𝑅F,𝑋2  Recycled waste water 
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 𝑅1𝑉  = 𝜇𝑋1𝑉                                                                                                                                       (49) 

 𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑜𝑢𝑡  =  𝐹𝑜 + 𝐹𝑅  𝑋1𝑅                                                                                           (50) 

Accumulation = 
𝑑 𝑉𝑋1 

𝑑𝑡
   =   V

𝑑𝑋1

𝑑𝑡
 

From equation (1)  

Input +  
𝑀𝑖𝑐𝑟𝑜𝑏𝑖𝑎𝑙

𝑏𝑖𝑜𝑑𝑒𝑔𝑟𝑎𝑑𝑎𝑏𝑖𝑙𝑖𝑡𝑦
𝑜𝑓 𝑤𝑎𝑠𝑡𝑒 𝑤𝑎𝑡𝑒𝑟

  –  
𝐹𝑙𝑜𝑤 𝑜𝑓 
𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙

𝑜𝑢𝑡

    = Accumulation or microbial growth  

𝐹0𝑋10  + 𝐹𝑋1𝑅  −   𝐹0 + 𝐹𝑅 𝑋1𝑅   +  𝜇𝑋1𝑉  = 
𝑉𝑑𝑋1

𝑑𝑡
                                                                             (51) 

Recall equation (29) 

A modified form of monods equation where 𝑘𝑑  is the endogenous respiration coefficient  

𝜇 =   𝜇𝑚      
𝑋2

𝐾𝑚 +𝑋2  

−   𝑘𝑑 − − − − − − − − − − − − − − −    (29) 

 

Rewriting equation (51) to follow the pattern of equation (29)  we obtain:  

𝑉𝑑𝑥1

𝑑𝑡
  = 𝐹0𝑋10  + 𝐹𝑅𝑋1𝑅  −   𝐹0 + 𝐹𝑅 𝑋1𝑅 +  

𝜇𝑚𝑋1𝑋2𝑉

𝐾𝑚   +  𝑋2
 –𝐾𝑑𝑋1𝑉 − − − − − − (52)  

 

Dividing through by V we obtain: 

𝑉𝑑𝑥1

𝑉𝑑𝑡
 = 

𝐹𝑜

𝑉
 𝑋10 +

𝐹𝑅

𝑉
 𝑋𝐼𝑅 −

𝐹𝑅

𝑉
 𝑋𝐼𝑅 +  

𝜇𝑚𝑋1𝑋2𝑉

𝐾𝑚   + 𝑋2
—𝐾𝑑𝑋1

𝑉

𝑉
− − − − −        53  

 

It is given in Coulson &  Richardson (1991) that for a sterile feed 𝑋1,0 = 0 

So put 0 for 𝑋1,0  in equation  (53) 

We obtain: 

𝑑𝑥1

𝑑𝑡
  = 0 + 

𝐹𝑅

𝑉
 𝑋𝐼𝑅 −

𝐹𝑅

𝑉
 𝑋𝐼𝑅 −  

𝐹𝑅

𝑉
 𝑋𝐼𝑅 + 

𝜇𝑚𝑋1𝑋2𝑉

𝐾𝑚   + 𝑋2
—𝐾𝑑𝑋1 − − − (54) 

 

The terms  
𝐹𝑅

𝑉
 𝑋𝐼𝑅   subtract out each other. 
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We  obtain:  

𝑑𝑥1

𝑑𝑡
 =  −  

𝐹𝑅

𝑉
 𝑋1𝑅   + 

𝜇𝑚𝑋1𝑋2

𝐾𝑚  +𝑋2  
  −  𝐾𝑑𝑋1  − − − − − − − − − (55) 

Recall that  
𝐹𝑅

𝑉
  is  

1

𝜏
  so replace  

𝐹𝑅

𝑉
  with  

1

𝜏
 

 

𝑑𝑥1

𝑑𝑡
=  −  

1

𝜏
𝑋1𝑅 + 

𝜇𝑚𝑋1𝑋2

𝐾𝑚  +𝑋2  
  −  𝐾𝑑𝑋1  − − − − − − − − − − − (56) 

Where  𝜏 is the space time or Hydraulic residence time   

 

FOR SUBSTRATE (INDUSTRIAL WASTE WATER) 

 𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑖𝑛  =  𝐹0𝑋20 +  𝐹2𝑋2 − − − − − − − (57) 

Microbial biodegradability  =  −𝑅𝑥2 𝑉   =  
1

𝑌
   𝑅𝑥1 𝑉   =   -  

1

𝑌
𝜇𝑥1 𝑉  − − − − (58) 

 𝐹𝑙𝑜𝑤 𝑜𝑓 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑠 𝑜𝑢𝑡  =   𝐹0+𝐹𝑅  𝑋2 − − − − − (59) 

Accumulation = 
𝑑(𝑉𝑥2  )

𝑑𝑡
=  

𝑉𝑑𝑥2

𝑑𝑡
− − − − − − − − − −  (60) 

From equation   (1)  

Flow of materials in + microbial biodegradability of industrial waste water  − Flow of materials out = 

Accumulation 𝐹0𝑥20 +  𝐹2𝑋2     
+ − 

1

𝑌
𝜇𝑥1 𝑉 −   𝐹0+𝐹𝑅  𝑋2  =  

𝑉𝑑𝑥2

𝑑𝑡
− − − (61)  

Rewriting this conform with the pattern of modified monods equation:  

𝑉𝑑𝑥2

𝑑𝑡
 =  𝐹𝑜   𝑋2,0  +  𝐹𝑅𝑋2  −   𝐹0+ 𝑋𝑅  𝑋2  −     

𝜇𝑚𝑋1𝑋2
𝑉

𝑌 𝐾𝑚  + 𝑋2  
− − − − − − − (62) 

Divide through by V: 

𝑉𝑑𝑥2

𝑉𝑑𝑡
 =  

𝐹0

𝑉
 𝑋2,0  + 

𝐹𝑅𝑋2  

𝑉
  − 

𝐹0𝑋2  

𝑉
 −  

𝐹𝑅

𝑉
 𝑋𝑅 −  

𝜇𝑚𝑋1𝑋2

𝑌 𝐾𝑚  +𝑋2  
 − − − − − − − (63) 

𝑑𝑋2

𝑑𝑡
=  

𝐹0𝑥2,0

𝑉
+ 

𝐹𝑅𝑋2

𝑉
−  

𝐹0𝑋2

𝑉
  −

𝐹𝑅𝑋2

𝑉
 −   

𝜇𝑚 𝑋1𝑋2

𝑌 𝐾𝑚 +𝑋2 
− −(64) 

𝑑𝑋2

𝑑𝑡
=  

1

𝜏
 𝑋2,0 − 𝑋2 −  

𝜇𝑚 𝑋1𝑋2

𝑌(𝑘𝑚 +𝑋2)
− − − − − − − − (65) 
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Where 𝜏 is the hydraulic residence time 

3.4.  CONTINUOUS STIRRED ANAEROBIC REACTOR WITHOUT RECYCLE  

 

 

  

 

 

 

 

 Fig. 5: Schematic diagram of Continuous Stirred Anaerobic Reactor  

Using the unsteady state materials balance for the substrate and biomass:  

BIOMASS:         − − − − − − − 

            𝐹𝑙𝑜𝑤 𝑜𝑓  𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑠 𝑖𝑛   =   𝐹𝑋1,0                                                                                    (66) 

 

[Microbial biodegradability]  = 𝑅𝑋1𝑉 =  𝜇𝑋1𝑉 − − − − − − − − − − − − − (67) 

[Flow of materials out] = 𝐹𝑋2 − − − − − − − − − − − − − − (68) 

Accumulation = 
𝑑(𝑉𝑋1)

𝑑𝑡
 = 

𝑉𝑑𝑋1

𝑑𝑡
− − − − − − − − − − − − − − − − (69) 

From equation  (1)  

Flow of materials in + Microbial biodegradability of  waste water -  Flow of materials  out = 

Accumulation   
𝑉𝑑𝑋1

𝑑𝑡
= 𝐹𝑥1,0 + 𝜇𝑋1𝑉  − 𝐹𝑋1 − − − − − − − − − − − − − − − − − (70) 

 

Divide through by 𝑉 

𝑉

𝑉
 
𝑑𝑋1

𝑑𝑡
=

𝐹𝑋1,0

𝑉
  +  𝜇𝑋1

𝑉

𝑉
 −

𝐹𝑋1

𝑉
− − − − − − − − − − − − − −(71)  

 

Take out  
𝐹

𝑉
  because it is common. 

 
𝑑𝑋1

𝑑𝑡
 =  

𝐹

𝑉
  𝑋1,0 − 𝑋1 +  𝜇𝑋1 − − − − − − − − − − − − − − − − − (72) 

 
𝑑𝑋1

𝑑𝑡
 = 𝐷  𝑋1,0 − 𝑋1 +  𝜇𝑋1 − − − − − − − − − − − − − − − − − (73) 

Where 𝐷 is the dilution rate. 

F 

X1,0 

X2,0 

F 

X1 

X2 

V 
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Writing equation 73 in the  pattern of Monods Kinetic Model: 
𝑑𝑋1

𝑑𝑡
= 𝐷  𝑋1,0 −  𝑋1 +  

𝜇𝑚 𝑋1𝑋2

𝑘𝑚 +𝑋2
− − − − − − − − − − − − − − −  (74) 

 

FOR THE SUBSTRATE  

[Flow of material in] = 𝐹𝑋2,0……………………………………………………………………       (75) 

 

Microbial biodegradability of the waste water = 𝑅 𝑋2𝑉 = 
1

𝑌
 𝑅𝑥1𝑉 =  −  

𝜇𝑋1𝑉

𝑌
− − −                                                                                                                            (76) − − 

          

[Flow of materials out] = 𝐹𝑥2 − − − − − − − − − − − − − − − − − (77) 

 

Accumulation = 
𝑉𝑑𝑋2

𝑑𝑡
− − − − − − − − − − − − − − − − − − (78) 

 

From equation  (1)  

Accumulation = Flow of materials in + Microbial biodegradability of  waste water – flow of materials 

out . 

We have:  
𝑉𝑑𝑋2

𝑑𝑡
= 𝐹𝑥2,0 −  

𝜇𝑋1𝑉

𝑌
−  𝐹𝑋2 − − − − − − − − − − − − −(79) 

 
𝑉𝑑𝑋2

𝑑𝑡
= 𝐹 𝑋2,0 −  𝑋2 −  

𝜇𝑋1𝑉

𝑌
− − − − − − − − − − − − − − − − (80) 

 

Dividing through by V:  
𝑉𝑑𝑋2

𝑉𝑑𝑡
=  

𝐹

𝑉
  𝑥2,0 −  𝑥2 −  

𝜇𝑋1

𝑌
 
𝑉

𝑉
− − − − − − − − − − − − − − − (81) 

 
𝑑𝑋2

𝑑𝑡
=  𝐷  𝑥2,0 −  𝑥2 −  

𝑢𝑋1

𝑌
− − − − − − − − − − − − − − − − (82) 

 

Writing it to conform with the pattern of Monods equation:  

    
𝑑𝑋2

𝑑𝑡
= 𝐷  𝑋2,0 − 𝑋1 −  

𝜇𝑚 𝑋1𝑋2

𝑌 𝑘𝑚 +𝑋2 
− − − − − − − − − − − − − − −(83) 

 

Where F is the volumetric flow rate of the feed and D is the dilution rate per hour (hr
-1

) 

 

Writing equation 74 & 83 in the pattern of the substrate inhibition kinetic model, we obtain:  
𝑑𝑋1

𝑑𝑡
= 𝐷 𝑋1,0 − 𝑋1 +  

𝜇𝑚  𝑋1  𝑋2

𝑘𝑚 +𝑋2+
𝑋

22

𝐾1

− − − − − − − − − − − − − (84) 

𝑑𝑋2

𝑑𝑡
= 𝐷  𝑋2,0 − 𝑋2 =  

𝜇𝑚 𝑋1𝑋2

𝑌 𝐾𝑚 +𝑋2+
𝑋

22

𝐾1
 
− − − − − − − − − − − − − − (85) 
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Note that for sterile feed conditions 𝑋1,0 = 0 

 

Writing equation 74 & 83 in the pattern of the modified form of Monods equation 

𝜇 =
𝜇𝑚  𝑥2

𝑘𝑚  𝑥2
−  𝑘𝑑 − − − − − − − − − − − − − − − − − − − − −  86  

We obtain equation in the form: 

𝑑𝑥1

𝑑𝑡
= 𝐷  𝑋1,0 −  𝑋1 +   

𝜇𝑚  𝑥1 𝑥2

𝑘𝑚 + 𝑥2
−  𝑘𝑑𝑋1 − − − − − − − − − − − − − − 87  

𝑑𝑥2

𝑑𝑡
= 𝐷  𝑋2,0 −  𝑋2  −  

𝜇𝑚  𝑥1 𝑥2

𝛾(𝑘𝑚 + 𝑥2)
− − − − − − − − − − − − − − − − 88  

 

4.0.  MATERIALS  AND METHODS 

4.1.  MATERIALS: Waste water  was obtained from a typical petrochemical company in 

Portharcourt, Nigeria. 

Methanogenic bacteria was isolated from the intestine of a cow. 

Oxoid AnaeroGen TM AN 0035A gas park to create Anaerobic condition 

4.2. METHOD 

The  pH of the waste water  sample was measured using Hanna pH meter H196107 to be 6.5. 

200 grams of waste water  mixed with 3 ml of methanogenic methanobrevibacter bacteria  was put in 

a beaker and kept in a Labtech anaerobic jar maintained under anaerobic conditions in a gallenkamp 

incubator maintained at mesophillic temperature (37 
0
c) .The Volatile Suspended Solids (VSS) was 

measured using gravimetric method and Biochemical Carbonaceous Oxygen demand (BCOD) was 

measured using the modified winkler method.Yield coefficient (Y) = 
𝑚𝑔  (𝑉𝑆𝑆)

𝑚𝑔  (𝐵𝐶𝑂𝐷)
=

99.6

6080
= 0.016. (89)  

The dilution rate (D) = 
𝐹

𝑉
= 

𝐹𝑙𝑜𝑤  𝑟𝑎𝑡𝑒  𝑜𝑓  𝑤𝑎𝑠𝑡𝑒  𝑤𝑎𝑡𝑒𝑟

𝑉𝑜𝑙𝑢𝑚𝑒  𝑜𝑓  𝑟𝑒𝑎𝑐𝑡𝑜𝑟  𝑢𝑠𝑒𝑑
                                                                 (90) 

=  
0.00027 𝑚3 𝑟 

0.0015 𝑚3 1.5 𝑙𝑖𝑡𝑟𝑒 
 

=  0.18 𝑟−1 

𝜇𝑚 , the Maximum specific growth rate is obtained from the slope of a graph (fig 7): 
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𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑖𝑛 𝑏𝑖𝑜𝑚𝑎𝑠𝑠 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛

𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑖𝑛 𝑡𝑖𝑚𝑒
                                                                                             (91) 

=
1.5902 − 1.00

16 − 0
=

0.5902

16
 

= 0.037 𝑟−1 

Coulson & Richardson (1991) give a range for 𝑘𝑑 , the endogenuos respiration coefficient to be 

between 0.02 𝑡𝑜 0.04. 𝑘𝑑  was taken to be 0.025. 

Coulson & Richardson (1991) give a range for 𝑘𝑚 , the Monods constant to be 10−5 to 

0.02 𝑘𝑚𝑜𝑙 𝑚3 . 

𝑘𝑚 , was taken to be 0.02 𝑘𝑚𝑜𝑙 𝑚3  

INITIAL CONCENTRATION OF WASTE WATER 

Inlet sludge Concentration 
𝑀𝑎𝑠𝑠

𝑉𝑜𝑙𝑢𝑚𝑒
  

𝑚𝑔

𝑙
                                                                                            (92) 

200 g of waste water = 200,000 𝑚𝑔 𝑤𝑎𝑠𝑡𝑒 𝑤𝑎𝑡𝑒𝑟. 

Given that  

1 grame  = 1 ml by direct weighing. 

200 g      = 200 ml  = 200 × 10−3 = 
200

1000
 = 0.2 litres of waste water 

Solve 200,000 mg waste water in 0.2 litre = 
20,000

0.2
= 100,000

𝑚𝑔

𝑙
 

200,000 𝑚𝑔

0.2 𝑙
 =   1000,000 

𝑚𝑔

𝑙
 

𝑋2,0 = 1000,000
𝑚𝑔

𝑙
 

INITIAL CONCENTRATION OF BIOMASS 

3 ml of methanobrevibacter 

1ml = 1gramme by direct weighing. 

3 ml = 3 g = 
3

1000
= 0.003 = 0.003 𝑚𝑔 

3 ml = 3x10−3 = 0.003 𝑙 =  
0.003

0.003
= 1 𝑚𝑔/𝑙 
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                                                         Table 2: Data Obtained 

PARAMETER VALUE 

𝑋1,,0 

𝜇𝑚  

𝑌 

𝐾𝑚  

𝐾𝑑 

𝐷 

𝑋2,0 

1.0 𝑚𝑔/𝑙 

0.037 𝑟−1 

0.016 

0.02 𝑘𝑚𝑜𝑙 𝑚3  

0.025 𝑑−1 

0.18 𝑟−1 

1000,000 𝑚𝑔/𝑙 

 

 

4.3.  THE MATLAB PROGRAM IN FOURTH ORDER RUNGEKUTA 

PROGRAM FUNCTION CODE TO CALCULATE THE CONCENTRATION OF BIOMASS AND 

WASTE WATER FOR THE MODELING OF AN ANAEROBIC REACTOR. 

 

 

% Name: Engr. Idongesit Effiong Sampson 

 %M. Tech: Chemical Engineering 

Function dx=dx _dt (t, x, d, kd, km, 𝜇m, x1,0, x2,0) 

global d x1,0   x2,0    km    kd   𝜇m   y    t    x 

%x1= Concentration of Biomass 

%x2= Concentration of  waste water 

dx = zeros (2,1) 

dx (1)=D* x1,0-(D+kd)*x(1) +(𝜇m*x(1) *x(2) (km+x(2) ) ) 

dx (2) = D*x2,0-D*x(2)-( 𝜇m*x(1)*x(2)/ Y*(km+x(2) ) ) 

 

CALLUP CODE 

% Name: Engr. Idongesit Effiong Sampson 

 %M. Tech: chemical engineering 

global   D   x1,0    x2,0     km        kd      𝜇m      Y      t    x 

D=. 18 

𝜇m=.037 

kd=.025 

km=.02 

X1,0=1.0 

X2,0=1000,000 
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Y = .016 

tspan=[0:8] 

x0=[0.5  1] 

x= [.1   .1] 

[t,  x]= ode45 (@Dx_dt, tspan, x0) 

Figure 

Plot (t,x (:, 2), ‘-*r’) 

Xlabel (‘time (s)  ‘ ) 

Ylabel (‘concentration of  waste water  (mg/ 1) ‘ ) 

title(‘waste water  vs Time’) 

figure 

Plot (t,x(:, 1), ‘-*g’) 

Xlabel (‘Time (s) ‘ ) 

Ylabel (‘concentration of Biomass (mg/1)’) 

title (‘Biomass vs time’) 

 

SOLUTION  

t   = 

0, 1, 2, 3, 4, 5, 6, 7, 8 

 

 

 

5.0.  RESULTS  

 

 

 

                                                                 Table  3: Results 

𝑿𝟏 

Biomass Concentration mg/l 

𝑿𝟐 

Waste water 

concentration  mg/l  

1.0000 1,000,000 

1.0738 999,4798 

1.1475 999, 4596 

1.2213 999,4394 

1.2951 999, 4192 

1.3689 999,3989 

1.4426 999,3787 

1.5164 999,3585 

1.5902 999,3383 
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Waste water  vs  Time  

999,3585  

999,3383  

999,3787  

999,4192 

999,3989 

999, 4394 

999,4596  

1,000,000 

999,4798  
* 

* 

* 

* 

* 

* 

* 

Time (d)       x(2) 
1 2 3 4 5 6 7 8 

  GRAPHS  

 

 

 

 

 

 

 

  

 

  

 

 

 

 

 

 

     

                                                Fig. 6: Rate of Waste water Biodegradability  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                       Fig. 7: Rate of biomass multiplication. 

 

 

Biomas  vs Time  

1  

1.2 

1.1  

1.3  

1.6 

1.7 

* 

Time (d)               x2 
1 2 3 4 5 6 7 8 

* 

1.5 

1.4 

* 

* 

* 

* 

* 

* 

* 

* 
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    6.0.   DISCUSSION  

The following  equations were  obtained: 

For a Batch Anaerobic  Reactor:  

𝑑𝑋1

𝑑𝑡
  =  

𝜇𝑚 𝑋1𝑋2

𝐾𝑚 +𝑋2
                                                                                                                (13) 

𝑑𝑋2

𝑑𝑡
 =  −   

𝜇𝑚 𝑋1𝑋2

𝑌 𝐾𝑚 +𝑋2 
 ………………………….………………………………………(14) 

For a Plug Flow Anaerobic  Reactor:  

𝜕𝑋1

𝜕𝑡
 =   −

 𝐹0  +𝐹1 

𝐴
 
𝜕𝑋1

𝜕𝑍
  +  

𝜇𝑚 𝑋1𝑋2

𝐾𝑚 +𝑋2
 − 𝐾𝑑𝑋1 ………………………………….….…….(30) 

𝜕𝑋2

𝜕𝑡
 =   −

 𝐹0  +𝐹1 

𝐴
 
𝜕𝑋2

𝜕𝑍
  −   

𝜇𝑚 𝑋1𝑋2

𝑌 𝐾𝑚 +𝑋2 
 …………………..…………………….………. (40) 

For a Continuos Stirred Anaerobic Reactor with Recycle:  

𝑑𝑋1

𝑑𝑡
 =  −   

1

𝜏
  𝑋1𝑅  +   

𝜇𝑚 𝑋1𝑋2

𝐾𝑚 +𝑋2
  − 𝐾𝑑𝑋1…………………….……………………….. (56) 

𝑑𝑋2

𝑑𝑡
 =    

1

𝜏
   𝑋2,0  − 𝑋2  −    

𝜇𝑚𝑋1𝑋2

𝑌 𝐾𝑚 + 𝑋2 
………… . ………………………………… (65) 

 

 

For a Continuos Stirred Anaerobic  Reactor without Recycle:  

𝑑𝑋1

𝑑𝑡
 =  𝐷 𝑋1,0  − 𝑋1   +    

𝜇𝑚 𝑋1𝑋2

 𝐾𝑚 +𝑋2 
  − 𝐾𝑑𝑋1  ………….…………..……..…………(88) 

𝑑𝑋2

𝑑𝑡
 =  𝐷 𝑋2,0  − 𝑋2   −    

𝜇𝑚 𝑋1𝑋2

𝑌 𝐾𝑚 +𝑋2 
    …………………...……..……………………(89) 

All the equations conform to linear model 𝑦 = 𝑚𝑥 + 𝑐, so taking equations 88 & 89  and running it 

in 4
th

 order Rungekutta on  MATLAB software gives a generalised pattern for change in Biomass 

concentration and change in waste water concentration as below:  

From Figures 6&7:  

The values of 𝑋2,  the waste water concentration plotted against time resulted in a downward slope 

from left to right, showing a decrease in concentration with time. This is due to microbial 

biodegradability.  
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The values of 𝑋1, the biomass concentration plotted against time resulted in a straight line passing 

through the origin. This is due to replication of micro-organisms.The micro-organisms multiplied as 

they fed on the waste water.  

For the exponential model, the model equation would have yielded an equation: 𝑙𝑛𝑦 =   𝑎𝑥 + ln  𝐴 

And a graph of the form: 

  

 

  

 

 

 

  Fig.8: Graaphical form for Exponential  Model. 

For a polynominal model, the model equation would have yielded  an equation of the form:  

𝑦 = 𝑎𝑥2  + 𝑏𝑥 + 𝑐                                                                                                                              (93) 

And a graph of the form:  

 

 

 

 

 

 

 

 

 

Fig.9: Graphical form for polynomial model 
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For a power model, the model equation would have yielded an equation of the form:  

𝑦  = 𝐾𝑋𝑛                                                                                                                                                 (94). 

Converting  𝑦  = 𝐾𝑋𝑛  to linear form : 

log  𝑦   = 𝑛 log  𝑋 + log  𝐾                                                                                                                   (95) 

This also is similar to: 𝑦  = 𝑚𝑥 + 𝑐  

 

      𝑦 =    𝑚𝑥    +   𝑐                                                                                                                (96)   

Which is an equation of a straightline which shows a linear model. A graph of this form is similar to 

figure 6 which has intercepts on the vertical and horizontal axis.  

A linear model has the equation 𝑦 = 𝑚𝑥 + 𝐶 and graphs of the form:  

 

 

 OR 

 

 

 

   

                                          Fig.10:Graphical forms of  Linear  Model. 

 

6.0.       CONCLUSION 

It is concluded that the rates of change in concentration of biomass and rate of change in concentration 

of waste water  for the anaerobic reactor follow a linear model: 

 𝑦  = 𝑚𝑥 + 𝐶  as proved by the graphs obtained from the MATLAB programme.  

A  higher treatment efficiency can be achieved using a continuos stirred anaerobic  reactor with 

recycle as stirring enhances higher reaction surface area and recycle a higher treatment time.However, 

plug flow and batch operations may be choosen based on cost and nature of operation. 

 

𝑙𝑜𝑔𝑦 𝑛𝑙𝑜𝑔𝑋 𝑙𝑜𝑔𝑘 
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7.0.      RECOMMENDATIONS  

It is recommended that an anaerobic reactor for the treatment of industrial waste water be designed by 

the chemical engineers and fabricated locally and installed by the mechanical engineers having been 

successfully modeled by the author. The reason most industries and environmental agencies cannot 

treat their waste water is high cost of purchasing an anaerobic reactor (hundreds of millions of naira). 

The  design, local fabrication and  installation will help industries and environmental agencies  treat 

their waste water at affordable cost.  

This has become necessary because of the environmental and health hazards associated with disposal 

of untreated waste water. The odour and pathogens associated with untreated waste water is hazardous 

to human health, aquatic life and ecosystem. 
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8.0.  NOMENCLATURE 

𝐾𝑑 ,    the endogenous respiration coefficient or specific maintenance rate        (𝑑−1) 

𝑋1,0,    inlet biomas conentration      (mg/l)  

𝑋2,0 ,   inlet sludge conentration     (mg/l) 

𝜇𝑚 ,     the maximum specific growth rate  or half maximal velocity concentration  (𝑟−1) 

𝑋1,       biomas conentration            (mg/l) 

𝑋2,       sludge conentration            (mg/l)  

𝑘𝑚 ,      Monods constant 

𝐷,       the dilution rate                   (𝑟−1) 

𝜏, 𝑠𝑝𝑎𝑐𝑒 𝑡𝑖𝑚𝑒 𝑜𝑟 𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 𝑟𝑒𝑡𝑒𝑛𝑡𝑖𝑜𝑛 𝑡𝑖𝑚𝑒         (𝑑𝑎𝑦𝑠) 

1

𝜏
 ,        the space velocity  

Y        Yield coefficient  

 

 

                      Abbreviations 

BCOD    Biochemical Carbonaceous Oxygen Demand 

CSTAR    Continuos Stirred Tank Anaerobic Reactor 

VSS         Volatile Suspended Solids 
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